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Close to converged energies and expectation values for e+Li are computed using a ground state wave
function consisting of 1200 explicitly correlated Gaussians. The best estimate of the e+Li energy was
−7.532 895 5 hartree which has a binding energy of 0.002 482 hartree against dissociation into Ps+Li+. The 2g
annihilation rate for the spin singlet state was 6.9963109 s−1. The annihilation rate for the triplet state, taking
into account core annihilation and the 3g decay, was 9.363106 s−1.
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Positronic lithium e+Li is the first known [1,2] and light-
est neutral atom to bind a positron [3]. In 1997 and 1998,
two independent calculations using explicitly correlated
Gaussians (ECGs) as basis states gave estimates of 0.002 17
hartree [1] and 0.001 224 hartree [2] for the binding energy
against dissociation into Ps+Li. These initial estimates of the
binding energy have been improved to 0.002 471 [3,4] by
further refinements of the ECG basis.
In this work, a close to converged binding energy of the
e+Li ground state computed using the stochastic variational
method (SVM) is presented. In addition, other ground state
expectation values are computed. There are a number of rea-
sons why this is interesting. First, since the e+Li system has
only five active particles it is in fact possible to generate a
close to converged binding energy. Next, there are a number
of other atoms that can bind a positron [3]. Fully ab initio
calculations are not possible for systems such as e+Na with
13 active particles, so recourse has been made to the fixed
core stochastic variational method (FCSVM) [3,5,6].
Positronic lithium is an obvious system with which to vali-
date the approximations and assumptions of the FCSVM.
Also the e+LiH system is known to be stable from calcula-
tions made both within [7–10] and outside [11] the frame-
work of the Born-Oppenheimer approximation. An accurate
estimate of the e+Li energy will define the position of the
H+e+Li dissociation threshold. Finally, e+Li can exist as
both a singlet and a triplet state. In the triplet state, the pos-
itron can annihilate only with a core electron. A better un-
derstanding of the positron annihilation rate in strong Cou-
lomb fields and with core electrons is a topic of some
relevance to the field of positron annihilation spectroscopy
[12–17].
The SVM used for this work has been described in a
number of articles [6,18,19] and only the briefest description
is given here. The SVM expands the wave function in a
linear combination of ECGs. Such basis functions have
Hamiltonian matrix elements that can be computed very
quickly and the energy is optimized by performing a trial and
error search over the exponential parameters that define the
basis. The SVM has been used to solve a number of many-
body problems in different areas of physics [6,19].
For the present set of calculations a basis containing 1200
ECGs was used for the final calculation. All the optimiza-
tions of the ECG basis were done with the Li mass set to ‘.
The annihilation rates are given in Tables I and II for the
singlet sGsd, triplet sGtd, and spin-averaged sGad states. The
2g annihilation rate is proportional to the probability of find-
ing an electron and a positron at the same position in a spin
singlet state according to
G = 4pre
2ckCuo
i
Oip
S dsri − rpduCl s1d
=2.018 788 3 1011o
i
kdsri − rpdlS s2d
[20–22], where the sum is over the electron coordinates, the
d-function expectation is evaluated in a0
3
, and G is given
TABLE I. Behavior of some e+Li‘ expectation values for a sequence of ECG-type variational calculations of increasing size. All
quantities are given in atomic units with the exception of the 2g annihilation rates which are in units of 109 s−1. The magnitude of the
binding energy against dissociation into the Ps+Li+ channel is «. Some of the data for the earlier calculations [1,6] have not been published
before; the data attributed to these calculations were computed using the same ECG basis.
N kVl / kTl+2 krLi3+e+l krLi3+e−
2 l kre+e−l kdse−-e−dl kdsLi3+-e−dl Gt Ga «
486 [2] 0.00259 1.572 0.001224
800 [1] 7.2310−5 9.0682 28.613 7.1994 0.18019 2.6421310−6 0.0032352 1.7013 0.0021702
860 [6] −2.2310−5 10.0249 39.066 7.8255 0.18006 3.1782310−6 0.0029453 1.7273 0.0024100
1000 −2.7310−7 9.9445 38.138 7.7744 0.17911 2.2306310−6 0.0030669 1.7483 0.0024736
1100 6.4310−7 9.9391 38.083 7.7711 0.17908 1.9640310−6 0.0030830 1.7495 0.0024797
1200 12.2310−7 9.9376 38.067 7.7702 0.17895 1.9413310−6 0.0030833 1.7512 0.0024821
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numerically in s−1. The operator Oip
S is a spin projection op-
erator to select spin singlet states for the ip electron-positron
pair. The triplet annihilation rate can be identified with the
core rate in the FCSVM model calculation.
Table I lists a number of expectation values obtained from
a sequence of increasingly larger calculations. The original
800-function basis [1] is of much lower accuracy than suc-
ceeding calculations because the strategies for searching for
the best ECG parameters had not been refined and were less
efficient than later strategies. The net energy improvement
when the basis was increased from 1000 to 1100 to
1200 ECGs, while being subjected to additional optimiza-
tion, was 8.5310−6 hartree. The coalescence matrix element
kdsLi3+-e−dl, was more sensitive to the increase in basis size
than any other quantity. This sensitivity is due to the fact that
the positron amplitude at the nucleus is very small and the
ECG functional form is not the natural choice to describe the
behavior of the relative wave function for two strongly re-
pelling particles. With respect to the more physically inter-
esting observables, the triplet annihilation rate Gt varied most
as the basis dimension was increased. But the increase in Gt
was only 0.6% when the basis was increased from 1000 to
1200.
A comprehensive set of expectation values are listed in
Table II. The expectation value for the virial theorem kVl / kTl
provides an estimate of the wave function accuracy. When
the interparticle interaction V consists solely of Coulomb in-
teractions this expectation value should be −2 exactly. The
deviation of 12.2310−7 from the expected value of −2
would suggest that the energy is accurate to order 10−5 har-
tree.
A new FCSVM wave function was constructed in order to
ensure that the kdsLi3+-e−dl expectation values was con-
verged. Most of the FCSVM values in Table II have changed
by small amounts from previously published data [3,4,6].
The comparison between the e+Li‘ and FCSVM energies
reveals a difference of about 3.2310−6 hartree. Expressed as
a percentage error the difference is 0.13%. Further refine-
ment of the ab initio energy would increase this difference,
but even if the SVM energy was to decrease by a further 1
310−5 hartree, the SVM and FCSVM energies would still
agree to within 0.5%. The agreement between other expec-
tation values such as Gs and krLi3+e+l is better than 1%. The
only significant differences (apart from those caused by the
use of a different set of electrons in the expectation value
calculations) are for the kdsLi3+-e−dl matrix element and the
triplet annihilation rate Gt. The first matrix element will de-
pend on the details of the polarization potential inside the
core while the second is sensitive to short range electron-
positron correlations between the core electrons and the pos-
itron.
The energies of the different mass variants of e+Li were
computed by rediagonalizing the Hamiltonian with the same
basis but with mLi6 set to 10 964.9 me and mLi7 set to
12 789.4 me. The binding energy of e+Li6 was 0.002 478 5
hartree and the binding energy of e+Li7 was 0.002 479 1 har-
tree. The e+Li system can be regarded as Ps loosely bound to
Li+ [6]; therefore for a finite mass system one expects the
binding energy to be reduced by a factor related to the
Ps:Li+ reduced mass.
The triplet annihilation rate given in Table II is about
twice the size of the FCSVM core annihilation rate. While
the core polarization potential of the FCSVM does give an
accurate binding energy, the resulting annihilation rate is too
small since the FCSVM does not allow for short range
electron-positron correlations in the evaluation of the annihi-
lation matrix elements. The importance of explicitly includ-
ing short range correlations in the calculation of the annihi-
lation rate is well known [12,23–27]. The positron density
from the SVM calculation was multiplied by the electron
density of the Li+ core (used in the FCSVM calculation) and
then used to make another estimate of the core annihilation
rate. The derived core annihilation rate was 1.663106 s−1,
about 6% larger than the FCSVM rate. This is further con-
firmation that short range correlations need to be included in
the evaluation of the annihilation matrix element itself.
The ratio of the SVM to FCSVM triplet annihilation rates,
0.308 33/0.157 15=1.96, can be used to estimate the thresh-
TABLE II. Properties of the e+Li ground state. Data are given
for Li assuming infinite mass. All quantities are given in atomic
units with the exception of the annihilation rates which are in units
of 109 s−1. The magnitude of the binding energy against dissocia-
tion into the Ps+Li+ fragmentation channel is given by «, while T+
and T
−
represent the positron and electron kinetic energy operators.
Only the valence electron was taken into consideration when the
FCSVM expectation values were computed.
Property Present SVM FCSVM
N 1200 240
kVl / kTl+2 12.2310−7
E −7.5323955
EsLi+d −7.2799134
« 0.0024821 0.0024789
kT
−
l 2.473388 0.142720
kT+l 0.112240 0.112250
krLi3+e−l 3.4084 9.1101
krLi3+e+l 9.9376 9.9678
kre−e−l 6.3578
kre+e−l 7.7702 3.3967
k1/rLi3+e−l 1.84635 0.16400
k1/rLi3+e+l 0.12791 0.12770
k1/re−e−l 0.62902
k1/re+e−l 0.23950 0.46266
krLi3+e−
2 l 38.069 114.62
krLi3+e+
2 l 125.40 126.71
kr
e−e−
2 l 76.156
kr
e+e−
2 l 89.317 16.247
kdsLi3+-e−dl 4.5671 0.021518
kdsLi3+-e+dl 1.9413310−6 2.3778310−6
kdse−-e−dl 0.17895
kdse+-e−dl 0.011566 0.034706
Ga 1.7512 1.7532
Gs 6.9956 7.0080
Gt 0.0030833 0.0015715
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old pick-off annihilation parameter 1Zeff, in Ps-Li+ collisions
[28]. Multiplying the existing FCSVM value of 0.049 by
1.96 gives 0.096. The SVM to FCSVM Gt ratio is also rel-
evant to studies of positron annihilation in the condensed
phase. Provided the electron distributions from the core and
valence electrons can be treated separately, the ratio of 1.96
can be identified with the enhancement factor for core anni-
hilation in metallic lithium [14] (one could also identify
0.308 33/0.166=1.86 as the enhancement factor).
The primary decay rate for the triplet state will probably
be the 3g process. The 3g rate can be estimated from the
ratio of 3g to 2g decay rates in positronium [29], viz.,
G3gs3S e+Lid
G2gs1S e+Lid
<
G3gs3Psd
G2gs1Psd
. s3d
Using the best estimates from Table II for e+Li‘ gives
G3gs
3S e+Lid=6.283106 s−1. The total annihilation rate for
the triplet state should be 9.363106 s−1.
The annihilation rates were also computed for finite mass
wave functions. The e+Li6 rates of Gs=6.99533109 s−1, Gt
=3.08043106 s−1 and Ga=1.75113106 s−1 were hardly dif-
ferent from the infinite mass rates. The triplet rate is about
0.1% smaller since the reduced mass effect results in the
positron being slightly further from the nucleus. The Gt rate
for e+Li7 was 3.08083106 s−1.
To summarize, a close to converged binding energy is
reported for the e+Li‘ ground state. The available evidence
suggests that the energy is converged to order 10−5 hartree.
There could be an additional error of order 10−6 hartree for
finite mass atoms since the ECG basis parameters were op-
timized for e+Li‘. The nature of the variational theorem
means that other expectation values are not converged to the
same degree of accuracy. The most slowly convergent quan-
tity is the coalescence matrix element kdsLi3+-e−dl. Other
expectation values such as the annihilation rates should be
converged to ±1% or better.
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